A linearized perturbation about a two-dimensiona l Vialov-Nye icesheet profile is used to investigate the sensitivity of the divide position at Siple Dome, West Antarctica, to small changes in the accumulation pattern and in the elevation of its lateral boundaries at the margins of Ice Streams C and D. Relaxation time-scales for the icesheet surface and divide position are derived from the perturbation theory. For Siple Dome, these time-scales are short: 450-800 years for urface adjustment, and 200-350 years for divide position adjustment. These short time-scales indicate that Siple Dome responds quickly to forcing at its boundaries. Therefore, the recent migration of the Siple Dome divide (determined from previous work ) is probably a response to an ongoing, sustained forcing rather than a response to a long-past climate event such as the transition from the Last Glacial Maximum to the Holocene.
1.5 x 10-a -2, or (2) a steady increase (decrease ) in elevation of the Siple Dome lateral boundary adjacent to a relict margin ofIce Stream D (Ice Stream C ) of 0.005-0.040 m a 1 over the past several thousand years. The required forcing is quite small, and suggests that major changes in the configuration ofIce Streams C and D associated with major changes in the elevation at boundaries of Sip le Dome have not occurred over the past several thousand years.
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INTRODUCTION
The motion of ice divides can be caused by changing conditions at ice-sheet boundaries. A record of ice-divide position may be a delayed and smoothed representation of boundary forcing. If the relationship between divide motion and boundary forcing can be established, then one could infer boundary forcing from a record of divide position, or predict divide position for a given boundary forcing. Ice divides are also theoretically associated with a narrow zone of anomalous ice flow which causes isochrones to be warped convex-up beneath steady divides (Raymond, 1983 ; Hvid- berg, 1996) . Small variations in divide position compared with the ice-sheet span may cause perturbations to the flow field and complicate the interpretation of ice cores obtained at ice divides. The sensitivity of divide position to boundary forcing is therefore relevant to possible identification of forcing mechanisms occurring at ice-sheet boundaries and to interpretation of ice cores obtained at ice divides. Weertman (1973) investigated the effect of simple changes in ice-sheet span and accumulation rate on divide position, with the finding that steady-state divide position is most sensitive to changes in ice-sheet span and less sensitive to the spatial pattern of accumulation. Hindmarsh (1996b) characterized the sensitivity of divide position to stochastic asymmetric accumulation forcing and found that the relaxation time-scale of divide position to such forcing is about 1/16 of the fundamental thickness/accumulation-rate (hja) time-scale. Anandakrishnan and others (1994) used inverse techniques to estimate that the Greenland ice divide may have shifted by about 40 km and thinned by 50 m over the last glacial cycle from changes in margin position and accumulation rate. Cuffey and Clow (1997) estimated the effect of margin expansion and retreat on the divide elevation in central Greenland over a glacial cycle, with a diffusive relaxation time of about 1900 years, about 1/5 of the fundamental h/a time-scale.
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In this paper, we determine the sensitivity of divide position of Sip le Dome, the ice ridge between Ice Streams C and D, West Antarctica, to more subtle forcing at its boundaries (Fig. 1) . A deep ice core is being obtained near the present summit for paleoclimate analysis. Recent migration of the Siple Dome divide northward toward Ice Stream D at a rate of 0.05-0.50 m a-lover the past several thousand years has been inferred from analysis of the pattern of internal layers near the divide which have been detected with an ice-penetrating radar (Nereson and Raymond, in press; Nereson and others, in press ). We identify probable causes of this subtle divide motion by quantifying the effects of small changes in accumulation pattern and small changes in the elevation of the lateral boundaries of Siple Dome (an indicator of ice-stream activity around Siple Dome) on the divide position.
LINEARIZED ICE-SHEET EQUATION
We consider a linearized perturbation about a two-dimensional Vialov-Nye ice-sheet solution. Standard ice-flow models do not generally contain the scale of resolution required to simulate small changes in divide position
« O(h) ).
A linearized perturbation allows simulation of small-scale divide motion as it permits explicit tracking of divide position.
Mathematical development of the linearized ice-sheet evolution equation is given in Nye (1959) and Hutter (1983) . The main points are summarized here. The time-dependent evolution equation for a two-dimensional ice sheet is (1) where h(x, t) is the ice-sheet thickness, q(x , t) is the ice flux, a(x , t) is the mass balance, and x is the distance along flow.
For an ice sheet deforming in laminar flow with shear stress and flow relation we obtain an expression for the ice flux q,
where s(x, t) is the surface profile, obtained by the sum of the ice thickness h(x, t) and bed elevation b(x), z is the distance above the bed, ice density p = 917 kg m -3, gravitational acceleration 9 = 9.8 m s -2, depth-averaged flow law parameter A is prescribed, n = 3, and m = n + 2. Substituting (5) yields the Vialov-Nye (VN ) ice-sheet evolution equation,
The standard steady-state Vialov profile is obtained when ath = 0 and a = ao is a constant (Vialov, 1958) .
We are interested in the effect of small perturbations in thickness h and accumulation a on the ice-sheet geometry.
We expand h and a such that
where hI/ho « 1. Substitution into Equation (4) yields a corresponding flux expansion,
The zeroth-order state is defined to be steady state such that
Substituting Equations (7), (8) and (9) into Equation (6) and keeping only first-order terms yields the linearized pertur-
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bation equ ati on which we so lve to determine the ice-sh eet response to small perturbations:
where So = ho + b. When m = 0 a nd n = 1, the sta nda rd linear diffusion equation is obtained (e.g. Boyce and DiPrima, 1986 ), a nd we expect diffusive-type behaviorwh en m = 5 and n = 3 (Nye, 1959) . It is conve nient for developments in la ter sections to write Equations (10) a nd (Il) in operato r form as (12) where (13)
CALCULATION OF NORMAL MODES
Since Equation (10) (or (12)) is a linear differenti al equation, its general solution can be expressed as a superposition of solutions to the homogeneous equation (14) where h[ = 0 at the lateral bo undaries of the domain (Boyce and DiPrima, 1986) . Following Hindm arsh (1996a, b, 1997a, b) , we assume a sepa rabl e solution,
h1(x, t ) = H (x) T (t ). (15)
Because the problem is linear, we may also write:
Substituting Eq uations (15) and (17) into the homogeneous equ ati on (14) all ows us to sepa rate the time-dependent a nd the space-dependent equations by use of a sepa ration consta nt, or eigenvalue A:
The solution for the time-dependent component of Equ a-
where T * is a n ini tial condition.
The eigenvalue A represents a n inverse rela xation time-
Th e solution H (x) is a spatial response function, or eigenfunction, associa ted with the time-consta nt given by A.
These spatial solutions are the normal modes of the ice sheet and a re found by solving the spatial component (righthand side) of Equation (18),
Following Hindma rsh (1996a, 1997b ), we discretize Equation (20) according to the method of finite differences and solve the resulting algebraic eigenvalue problem written in matrix form as:
where A is a di agonal matri x of eigenvalues Ai, M is the di screti zed version of the operato r e a nd H is a vector of perturbations sampled at N discrete points in x . Specifically, M is a tridiagonal matri x whose values are found by evaluating th e discretized version of the operator e at N -2 points in x .
The solution is found by finding the eigenfunctions and eigenvalues ofM. We construct a matrix E whose i th column is the eigenfuncti on Hi (x) corresponding to Ai, a nd a vector T = T * exp (At ), where T * is a n initial condition. Th e general solu tion to the perturbatio n equation (12) can be written in matrix form as a linear combination of th e temporal and spati al solutions to the homogeneous equatio n (1 4):
ESTIMATING DIVIDE MOTION
'''l e a re pa rticul a rl y interested in how the position of the ice divide is affected by perturbations. Following Hindmarsh (1996b), the evolution of di vide position wh ere oxs(x = X d ) = 0 can be written as
where R is the divide migra tion rate. In a n increment of time, ot, the divide motion is th en oxs OxS1
(24) vxs u"so This relati on impli es th at divides with high curvature a re less sensitive to a given perturbation SI.
Equation (24) is technically invalid because it ignores the fact that the divide curvature o~so is sing ul a r for VN ice-sheet profil es. In general, accurate calcula tion of fl ow near the d ivide requires special mathematical treatment because the standa rd (V N ) ice-flow model is invalid there. While the separate solutions to symmetric a nd a ntisymmetric p erturbati ons have been calculated while fully accounting for the di vide singul a rity for th e VN ice-sheet solution (e.g. Hindmarsh, 1997a ) , the general problem has not been so lved. We ignore the effect of the divide singula rity a nd estim ate divide curvature from a Taylor expansion of a discretized ice sheet. This approximation res ults in a small error in the estimation of divide position.
We qu antify this error by comparing our solution to a n a nalytic soluti on for a special case. Weertm an (1974) considered the efh:ct of a step change in acc umulati on rate on both right and left sides of a n initially symmetric VN ice-sheet profile, a nd determined that the total di vide motion is
where,,( = (aR/aL)l/ (n+l) and aR a nd aL are spatially co nstant acc umula tion rates for th e right and left sides of the ice sheet, respectively. Hindmarsh (1997 a ) showed that the linearized solution for divide movement caused by imposing a step increase in aR is
A compa rison between the a nalytic solutions XX", X~ and the solution Xd given by Equation (24) for a given ,0.aR and for a range of di scretization intervals dx shows that all results agree to within 10 %. This error is small er than errors due to uncertain accumulati on rate a nd flow properti es (leading to errors in qo), a nd is acceptable since the flow di vide a nd topographic di vide do not exactly correspond [or real ice sheets (R aymond, 1983) . Th e exact solution o[ the problem that respects the divide singularity ~ould probably not increase the accuracy of the physical solution.
NORMAL MODES OF SIPLE DOME
Field measurements made in 1994 and 1996 show that Siple Dome is essentially a two-dimensional ridge about 1000 m thick and 100 km wide overlying relatively flat bedrock (Raymond and others, 1995) . We are therefore justified, to first order, in applying this two-dimensionallinearized perturbation model to Siple Dome. Figure 2 shows the zerothorder geometry (ho and b) for two similar ice-sheet profiles for which we calculate normal modes: a theoretical flat-bed VN ice sheet, and the actual Siple Dome (SDM ) ice sheet from field measurements of surface and bed topography (R aymond and others, 1995) . These two geometries are used to illustrate the sensitivity of our results to variations in icesheet shape. We choose A = 10- ( Raymond and others, 1995) . the accumulation rate. This approach does not require explicit knowledge of the flow parameter A, although A can be deduced from the zeroth-order accumulation rate and geometry. Measurements from snow pits and shallow cores show that the accumulation rate at the summit of Sip le Dome is about 0.11-0.13 m a -] ice equivalent (Mayewski and others, 1995) with a south-north accumulation gradient giving higher accumulation to the north (personal communication from K. Kreutz, 1997) . For convenience, a reference accumulation rate ii is defined to be that at the divide: ii = ao (0). Figure 3 shows the slowest two ice-sheet modes found by solving Equation (21), assuming constant accumulation rate for each ice-sheet profile shown in Figure 2 . The eigenfunction associated with the largest non-zero eigenvalue (labeled Mode I; Fig. 3 ) is the first dynamic ice-sheet mode and represents the slowest volumetric response of the ice sheet. Its time-scale (Tv ) is associated with the time it takes for the ice sheet to relax to a steady state after a perturbation. The second mode is the slowest mode representing divide position by virtue of its non-zero slope at the divide. Additional modes representing the ice-sheet response at higher wavenumbers have faster response times « 10 2 years) and are not shown in Figure 3 . There are two "solutions" to Equation (14) which correspond to the case where Q = constant and which have A = 0 (see Equation (20)). These "solutions" violate the boundary condition that hI = 0 at the lateral boundaries of the domain, and are therefore discarded as solutions which define the ice-sheet modes. However, these functions will be valid solutions when we consider perturbations with non-zero values at the boundaries. The relaxation time-scales associated with the slowest modes are shown in Table 1 . The volumetric response timescale Tv is 450-800 years, and the divide position response years). Increasing the accumulation rate shortens the fundamental time-scale and leads to a corresponding decrease in the mode relaxation time-scale. Because our domain is truncated with non-zero thickness at its boundaries, the volumetric relaxation time-scales are almost twice as fast as those found in Hindmarsh (1997a) . In our case, the divide-to-margin ice thickness is about half that for a full non-truncated ice sheet so that the time-scales are correspondingly scaled by about a factor of 2. The values in Table  I are comparable to those calculated using equations from Cuffey and Clow (1997) . Using values appropriate for Siple Dome, they estimate Tv at about 750 years. The fact that the VN ice sheet and the Siple Dome ice sheet have similar eigenvalues and eigenfunctions shows that the ice-sheet response is relatively insensitive to small variations in the zeroth-order ice-sheet shape or the presence of moderate bed topography. These short time-scales indicate that Siple Dome responds quickly to boundary forcing. Information about changes in ice-stream activity or in the spatial pattern of accumulation prior to a few thousand years ago is no longer contained in the geometry of Sip le Dome. The time-scale associated with divide position is much shorter, indicating that the Siple Dome divide motion is neither a response to a distant past event, such as the transition from the Last Glacial Maximum to the Holocene, nor a response to an abrupt event in the past few thousand years. The divide motion is more likely associated with an ongoing, sustained forcing.
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RESPONSE TO BOUNDARY ELEVATION PERTURBATION
There is evidence that the ice streams bounding Siple Dome have recently changed their activity. The lower part of Ice Stream C essentially stopped stream flow about 130 years ago and is currently thickening at the accumulation rate (Retzlaff and Bentley, 1993) . A linear feature on the north flank of Siple Dome near Ice Stream D is likely a former ice-stream margin that ceased flow about 10 3 years ago Uacobel and others, 1996). We expect that once stream flow ceases/begins, the ice streams may thicken/thin and change the elevation at the boundaries of Siple Dome. We consider two cases: (I) an increase in elevation at the ice-sheet margin sufficiently fast that it can be represented as an instantaneous change, and (2) a steady increase in margin elevation at a constant rate. The effect of perturbing the elevation of the ice-sheet boundary is found by solving Equation (12) as an initial value problem. For the first case, we specify as the initial condition a spike in elevation at the boundary (hI(x,O) = h*(x) = ° for all X except at the boundary ). We hold the boundaries fixed at these initial values for t > O. Since hI = ET by Equation (22) the initial condition is (27) and the solution is hi = ET = Eexp(At)E-l h *.
(28) Figure 4 shows the ice-sheet response for an instantaneous arbitrary increase in elevation of the Ice Stream Dside boundary by about 10% of the total ice thickness (100 m ). The shape of the steady-state ice-sheet response corresponds to one of the eigenfunctions with zero eigenvalue (Fig. 3) . This is expected since these eigenfunctions are the Time since boundary perturbation (years) Time since boundary perturbation (years) Stream D by about I % of the total span. Since the problem is linear, a 20% elevation change would predict a 4-6% change in ice thickness and a 2% divide shift. Because the ice sheet is largely symmetric, a similar decrease in elevation of the Ice Stream C boundary would also produce the divide shift shown in Figure 5b .
This analysis of an instantaneous change in boundary elevation helps determine divide response characteristics, but may not be physically reasonable. In reality, the boundaries of Siple Dome probably change elevation over long time-scales. Moreover, we are particu larly interested in what gradual boundary changes could produce the constant rate of divide migration inferred for Siple Dome. Since the divide response delay time is 100-200 years, it is likely that the Siple Dome divide is just now beginning to experience the effects of any thickening associated with the shut-down of Ice Stream C. Possible thickening associated with shut-down of the relict Ice Stream D margin would move the divide in the direction of the observed motion. Therefore, we wish to find the elevation rate k of the Ice Stream D-side boundary which produces the inferred Siple Dome divide migration rate. The solution is found by superposing solutions given by Equation (28) which we write in matrix form as (29) Figure 6 shows the migration rate deduced by solving Equation (29) Since T = T * exp A t by Equation (18), we solve for T * given al.
Again, we consider two cases: (1) the response of the ice sheet to an instantaneous accumu lation rate perturbation, ad a = (3x, and (2) the response to a constant increase in the spatial accumulation gradient, ai/a = cjJxt, where
a is a prescribed constant. We fix the boundary elevations at their present values for both cases. The solution T for each case is fou nd using standard analytical techniques for solving first-order ordinary differential equations. Upon using Equation (22) the ice-sheet response is:
for cases 1 and 2, respectively. The exponential terms in
Equations (34) and (35) 
The quantity G = -EA -IE -1 is the Green's function for accumulation perturbations (Hindmarsh, 1997a) . Figure 7 shows the ice-sheet response to an instantaneous change in accumulation, al (x) / a = (3x where (3 = 10-5 m-I. Figure 8 shows the divide position response for various initial conditions for the same fractional accumulation perturbation (3. There is no divide response delay time in this case, and divide evolution begins immediately with relaxation time-scales consistent with those in Table I . Unlike margin perturbations, accumulation perturbations excite in general all ice-sheet modes which depend strongly on the characteristics of the zeroth-order ice-sheet configuration. The steady-state divide position is therefore more sensitive to the initial ice-sheet geometry a nd the spatial pattern of accumulation, producing a 20% variation in Figure 8 . However, like the case for margin elevation perturbations, the transient divide response is sensitive to a for a given (3, but the steady-state response is independent of a.
We are interested in what gradual changes in accumu lation pattern would cause the rate of divide motion inferred Figure 9 . Values for the rate of change in accumul ation gradient (cjJa ) ranging from 0.1 x 10 9 to 1.5 x 10 9 a 2 would produce the inferred divide migration rate (0.05-0.50 m a-I). At 10 km from the divide, these values correspond to a total increase/decrease in accumul ation of 0.001 to 0.015 m a I (ice equivalent) in 1000 years. Accumulation changes in this range may be reasonable. .., 
CONCLUSIONS
Our results suggest that divide position at Siple Dome is quite sensitive to changes at its lateral boundaries and to changes in accumulation pattern. The divide motion inferred from the shapes of internal layers could be caused either by a cha nge in elevation at its bounda ri es of less than 100 m or by a modest ongoing change in the accumulation gradient over the past several thousand years. Since the perturbations required to move the divide are small, and since the Siple Dome divide has moved only slightly in the past several thousand years, it is unlikely that Ice Stream C or D has changed its relative thickness dramatically in that time.
The divide position at Siple Dome would respond to abrupt forcing in a few hundred years ( Td = 200-350 a ), with complete adjustment of the surface in a few thousand years (Tv = 450-800 a ). Therefore, only information about sustained forcing would persist in the geometry of Sipl e Dome for more than a few thousand years. The recent inferred migration of the Siple Dome divide is likely a response to ongoing changes in the bounding ice streams or the local climate rather than a response to an event in the distant past (>3 ka BP). Because of the delayed response to perturbations in margin elevation of 100-200 years, the Siple Dome divide has not yet been affected by elevation changes associated with the shut-down of Ice Stream C. However, a possibl e 20-80 m thickening associated with the shut-down of the relict Ice Stream D margin would be consistent with the inferred divide motion. Such an elevation change has not been measured. Photoclinometric analysis of satellite images indicates that the relict ice-stream surface is about 50 m above the present level of Ice Stream D (Scambos and others, 1998) , which is suggestive of recent thickening. This scenarIO IS 214 not unique. Small changes in the precipitation pattern over time are equally likely. Analysis of the pattern of internal layering at Siple Dome may help clarify which scenario has caused the inferred divide motion.
